Spectral dualities in XXZ spin chains and five dimensional gauge
  theories by Mironov, A. et al.
ar
X
iv
:1
30
7.
15
02
v2
  [
he
p-
th]
  2
3 S
ep
 20
13
Spectral dualities in XXZ spin chains and five
dimensional gauge theories
A. Mironova,b∗, A. Morozova†, B. Runova,d‡, Y. Zenkevicha,c§, A. Zotova,d,e¶
aITEP, Moscow, Russia
bTheory Department, Lebedev Physics Institute, Moscow, Russia
cInstitute for Nuclear Research of the Russian Academy of Sciences, Moscow, Russia
dMIPT, Dolgoprudniy, Moscow, Russia
eSteklov Mathematical Institute of the Russian Academy of Sciences, Moscow, Russia
FIAN/TD-12/13
ITEP-TH-24/13
Abstract
Motivated by recent progress in the study of supersymmetric gauge theories we
propose a very compact formulation of spectral duality between XXZ spin chains.
The action of the quantum duality is given by the Fourier transform in the spectral
parameter. We investigate the duality in various limits and, in particular, prove
it for q → 1, i.e. when it reduces to the XXX/Gaudin duality. We also show that
the universal difference operators are given by the normal ordering of the classical
spectral curves.
Integrable systems provide a key to understanding N = 2 supersymmetric gauge theories.
The Seiberg–Witten theory [1] is naturally formulated in terms of integrable systems [2],
and ǫ-deformation of the former corresponds to quantization of the latter. Another view
on this connection is provided by the AGT correspondence [3], in which a (quantization
of) Hitchin integrable system arises in a natural way.
Interestingly, it turns out that for a large class of gauge theories there are two different
integrable systems, associated with each of them [4]. The equivalence between the two
systems is given by the spectral duality. This duality was proposed in [5, 6, 7] and further
explored in different ways in [8, 9, 10] and [4]. On the classical level the duality exchanges
the two coordinates in the equation for the spectral curve of the system. The classical
Hamiltonians of the two systems, therefore, coincide. On the quantum level the situation
is more subtle: the duality comes in several variants. In the weakest version, one claims
that some subset of all quantum Hamiltonians is shared by the two systems [8]. In a
stronger version [9], the whole Bethe subalgebras, i.e. all the Hamiltonians, of the two
systems are identified. In the third version [10] one identifies the orbits of solutions to
the Bethe equations.
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Here we will consider the second version of the duality and conjecture the corre-
spondence between the Bethe subalgebras for XXZ spin chains. Let us note that the
eigenvalues of the universal difference operators provide one with the Baxter TQ equa-
tion, which determines the Bethe equations for the system. Therefore, our approach
gives, albeit indirectly, the duality between the solutions to the Bethe equations. For the
XXX/Gaudin duality this correspondence should reproduce the results of [10].
Our approach to quantum duality consists of two steps. First we prove the classical
duality, i.e. the equality of the spectral curves of the two systems and the isomorphism
of the Poisson structures. We then prove that the universal difference operators, repre-
senting the quantization of the spectral curves coincide with the normal ordered classical
expressions (this is actually a statement within the theory of a particular system and by
itself has nothing to do with duality). It follows that the equality at the classical level
is immediately lifted to the quantum one. To support our claim we prove the duality in
the four dimensional limit, when it reduces to the duality between XXX spin chain and
the trigonometric Gaudin model. In our previous work [4] we have proven the duality
between the XXX spin chain and the reduced Gaudin model. To resolve this seeming
discrepancy we now show the equivalence of trigonometric and reduced Gaudin systems.
For the sake of brevity we present here only the main ideas of the proofs; more detailed
account is left for a future publication [11].
The fact that the ordinary Fourier transform provides an exact bispectral duality
between the spin chains is surprisingly close to the recent claim that it also describes
the modular transformation of conformal blocks in all orders of their perturbative genus
expansion [12]. Thus, our new result adds to the hope that quantum dualities can turn
out to be much simpler than they seem — in appropriate variables they are reduced to
Fourier transform. Moreover, these appropriate variables are also the natural ones, i.e.
they are distinguished from the point of view of each of the dual systems.
The XXZ spin chains correspond to five dimensional quiver gauge theories and the
spectral duality gives rise to the SU(N)M−1 ↔ SU(M)N−1 duality introduced in [13].
Also, very recently the third version of the duality (the correspondence between Bethe
equations) was also discussed in [14] employing the ideas of string dualities. We will
comment on the string/M-theory motivation for spectral duality elsewhere. Different
aspects and applications of the spectral duality can be found in [15, 16, 17, 18, 19, 20].
Introducing the XXZ chain. We consider closed XXZ spin chain with N sites and
spins in symmetric representations of Uq(glK). These representations will be realised
as subspaces of the Fock space generated by the q-Bose creation operators. The anti-
symmetric case is completely analogous except for a few signs. In principle, arbitrary
representations can be obtained by the fusion procedure. The monodromy operator, or
transfer matrix, of the chain is given by the product of the Lax operators residing on the
sites of the chain and a diagonal twist matrix Q = diag(Q1, . . . , QK):
T(v) = QLN (v/vN) · · ·L
1(v/v1),
where
L
i(v/vi) =
∑
a,b
Eab ⊗
(
δabq
N
i
a+1 +
(δb>av + δa≥bvi)(q − q−1)
v − vi
B
i
aA
i
b
)
,
a, b = 1, . . . , K,
i = 1, . . . , N,
2
and Aia, B
i
a and N
i
a form the q-Bose algebra,
A
i
aA
j
b = q
δij sgn(a−b)
A
j
bA
i
a ,
B
i
aB
j
b = q
δij sgn(a−b)
B
j
bB
i
a ,
A
i
aB
j
b = q
δij(δab−sgn(a−b))B
j
bA
i
a − δ
ijδabq
Na+1 ,
[Nia,A
j
b] = δ
ijδabA
j
b ,
[Nia,B
j
b] = −δ
ijδabB
j
b .
(1)
The quantum commuting Hamiltonians Hm(v) are compactly collected in the universal
difference operator [21, 22, 23]:
DˆN,K(v, q
2v∂v) =
K∑
m=0
(−1)mHm(v)q
2mv∂v =
K∑
m=0
∑
A={1≤a1<...<am≤K}
det
col
q
(
TAA(v)q
2v∂v
)
,
(2)
where TAA is m × m submatrix of T and the column q-determinant of a submatrix is
defined as
det
col
qMAA =
∑
σ∈Sm
(−q)inv(σ)Maσ(1)a1 · · ·Maσ(m)am . (3)
The inversion number of a permutation is given by inv(σ) =
∑
a<b δσ(a)>σ(b).
The main conjecture. We propose the equality between the universal difference op-
erators of the N -site glK and K-site glN XXZ spin chains. More explicitly
N∏
i=1
(v − vi)DˆN,K(v, q
2v∂v) =
K∏
a=1
(
1− waq
2v∂v
)
DˆK,N(q
−2v∂v , v) (4)
In the right hand side wa are the inhomogeneities of the dual spin chain.
To make the statement of Eq. (4) precise one should also specify an isomorphism
between the operator algebras of the two systems. This is done as follows. We introduce
the “twisted” q-Bose generators A˜ia, B˜
i
a:
A˜
i
a = A
i
a
∏
j<i q
N
j
a ,
B˜
i
a =
∏
j≤i q
−NjaB
j
a .
(5)
The twisted generators satisfy the “twisted” q-Bose algebra which is manifestly symmetric
under the exchange of the site and algebra indices i, j ↔ a, b,
A˜
i
aA˜
j
b = q
δij sgn(a−b)+δab sgn(i−j)A˜
j
bA˜
i
a ,
B˜
i
aB˜
j
b = q
δij sgn(a−b)+δab sgn(i−j)B˜
j
bB˜
i
a ,
A˜
i
aB˜
j
b = q
2δijδab−δij sgn(a−b)−δab sgn(i−j)B˜
j
bA˜
i
a − δabδijq
2 .
(6)
We therefore conclude that the action of the duality on the twisted generators is trivial
(D denotes the dual system)
A˜
i
a = (A˜
i
a)
D,
B˜
i
a = (B˜
i
a)
D.
(7)
Having stated our main conjecture we proceed to proving it in several special cases.
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The classical limit. In the classical limit quantum operators A˜, B˜ turn into functions
A˜, B˜1. The universal difference operator DˆN,K(q
2v∂v , v) reduces to the spectral curve
ΓN,K(w, v) of the system, i.e. the characteristic polynomial of the monodromy matrix.
The Seiberg–Witten differential can be obtained from the classical asymptotics of the
kernel of the universal difference operator:
DˆN,K(v, q
2v∂v)Q(v) = 0 , Q(v)→ exp
[∫ v
λSW + . . .
]
. (8)
More explicitly, the differential is given by λSW = lnw d ln v.
For classical systems the duality reduces to the equality between two determinants
which is proven using the elementary identity: detW det(X − YW−1Z) = det (X YZ W ) =
detX det(W −ZX−1Y ). In our case the blocks X, Y , Z and W are respectively K×K,
K ×N , N ×K and N ×N matrices which are written as follows
Xab = δabw − δa>bwa
∑
a2,...,aN
(δaaN + δaN>aB˜
N
a A˜
N
aN
) · · · (δa2b + δb>a2B˜
1
a2
A˜1b),
Wij = δij(v − vi)− δi>j
∑
ai,...,aj
A˜iai(δaiai−1 + δai−1>aiB˜
i−1
ai
A˜i−1ai−1) · · ·
· · · (δaj+1aj + δaj>aj+1B˜
j+1
aj+1
A˜j+1aj )B˜
j
aj
,
Yai = wa
∑
ai,...,aN
(δaaN + δaN>aB˜
N
a A˜
N
aN
) · · · (δai+1ai + δai>ai+1B˜
i+1
ai+1
A˜i+1ai )B˜
i
ai
,
Zia =
∑
aj ,...,a1
A˜jaj (δajaj−1 + δaj−1>aj B˜
j
aj
A˜j−1aj−1) . . . (δa2a1 + δa1>a2B˜
2
a2
A˜1a1).
We thus prove the classical XXZ/XXZ duality. In the next sections we show that the
quantum universal difference operators of the spin chains is given by the normal ordering
of the classical expressions, at least in the limit q → 1. Therefore, the classical result just
proven actually implies the quantum spectral duality for q → 1, i.e. for XXX/Gaudin.
XXX/Gaudin duality. When q → 1 the spectral duality between the XXZ spin chains
reduces to the duality between N -site glK XXX spin chain and glN trigonometric Gaudin
on a cylinder with K−2 marked points2. To obtain the XXX chain on the left side of the
duality (4) one assumes v = q2x, vi = q
2xi and keeps x, xi fixed as q → 1. The twisted
q-Bose operators A˜ia, B˜
i
a turn into the Bose ones a
i
a, b
i
a:
[aia, a
j
b] = [b
i
a,b
j
b] = 0 ,
[aia,b
j
b] = −δabδ
ij .
(9)
The universal difference operator for the XXX spin chain can be compactly written as a
column determinant3
DˆN.K(v, q
2v∂v)→ det
col
(
1−TXXX(x)e
∂x
)
. (10)
1One should scale the operators appropriately, namely (q − q−1)A˜B˜→ A˜B˜.
2The cylinder can be turned into a sphere at the expense of adding two more special marked points
(“irregular singularities”).
3The definition of column determinant is obtained from the definition (3) by setting q = 1.
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On the right side of the duality (4) the situation is more subtle. Unlike the spectral
parameter v, the q-difference operator q−2v∂v does not tend to identity. Thus in the limit
q → 1 the universal difference operator DˆK,N does not reduce to a column determinant.
Instead it gives rise to a complicated expression, which to our knowledge has not been
previously written. One obtains the following explicit form of the universal difference
operator for the trigonometric Gaudin model:
DˆK,N(q
−2v∂v , v)→ d˜et
col
(
x− LtG(e
−∂x)
)
, (11)
where LtG is the Lax operator for the trigonometric Gaudin model and
d˜et
col
M =
N−2∑
m=0
(−1)m
∑
J={1≤i1<...<im≤N}
∑
σ∈SN
(−1)inv(σ)
m∏
α=1
(
iα−1∑
j=1
δσ(j)>iα
)
·
·Mσ(1),1 · · ·Mσ(i1−1),i1−1δσ(i1)i1Mσ(i1+1),i1+1 · · ·
· · ·Mσ(i2−1),i2−1δσ(i2)i2Mσ(i2+1),i2+1 · · ·Mσ(K),K . (12)
The term with m = 0 gives the column determinant, other terms represent quantum
corrections. Notice that for N = 1, 2 the corrections do not arise. In a moment we
will prove that, rather remarkably, all these corrections exactly cancel with the normal
ordering corrections from the column determinant.
We can now write the XXX/Gaudin duality as follows:
N∏
i=1
(x− xi) det
col
(
1−TXXX(x)e
−∂x
)
=
K∏
a=1
(
1−Qae
∂x
)˜
det
col
(
x− LtG(e
−∂x)
)
(13)
In the next sections we employ the normal ordering relations and classical calculations
to prove this duality.
Normal ordering the universal difference operators. Let us introduce the notion
of normal ordering which will be instrumental in our proof of the spectral duality:
:F (b, a, x, ∂x): =
{
all b and x to the left,
all a and ∂x to the right
}
. (14)
It turns out that the universal difference operator for the XXX spin chain is equal to its
own normal ordering,
det
col
(
1−TXXX(x)e
∂x
)
= :det
col
(
1−TXXX(x)e
∂x
)
: (15)
The proof runs along the same lines as that of [9]. One notices that T (x)e∂x is already
normal ordered. The induction proceeds as follows: performing the necessary contractions
one shows that for any i∑
σ∈SK
(
1−T(x)e∂x
)
σ(1),1
· · · :
(
1−T(x)e∂x
)
σ(i),i
· · ·
(
1−T(x)e∂x
)
σ(K),K
: =
=
∑
σ∈SK
(
1−T(x)e∂x
)
σ(1),1
· · · :
(
1−T(x)e∂x
)
σ(i−1),i−1
· · ·
(
1−T(x)e∂x
)
σ(K),K
: (16)
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Going from right to left in this way one normal orders the whole expression.
Surprisingly, a similar proof works for the trigonometric Gaudin universal difference
operator. In this case, however, on each step one obtains corrections, which are exactly
canceled by the extra terms in the definition of d˜et. The induction now goes from left to
right:∑
σ∈SN
:
(
x− L(e−∂x)
)
σ(1),1
· · ·
(
x− L(e−∂x)
)
σ(i),i
: · · ·
(
x− L(e−∂x)
)
σ(N),N
=
=
∑
σ∈SN
:
(
x− L(e−∂x)
)
σ(1),1
· · ·
(
x− L(e−∂x)
)
σ(i+1),i+1
: · · ·
(
x− L(e−∂x)
)
σ(N),N
+
+
∑
σ∈SN
(
i∑
j=1
δσ(j)>i
)
:
(
x− L(e−∂x)
)
σ(1),1
· · ·
(
x− L(e−∂x)
)
σ(i),i
:
· δσ(i+1),i+1 · · ·
(
x− L(e−∂x)
)
σ(N),N
. (17)
Eventually, one arrives at the following relation
K∏
a=1
(1−Qae
∂x) d˜et
col
(
x− LtG(e
−∂x)
)
= :
K∏
a=1
(1−Qae
∂x) det
col
(
x− LtG(e
−∂x)
)
: (18)
Notice the simple (without tilde) column determinant on the right hand side.
What we have shown for the XXX chain and the trigonometric Gaudin model is
essentially that the quantum universal difference operator is given by the normal ordered
classical determinant. One can hope that an analogous statement holds for a broader
class of systems. In particular, we conjecture a similar identity for the XXZ spin chain4,
DˆN,K(v, q
2v∂v) = :det
col
(
1−TXXZ(v)q
2v∂v
)
: (19)
The proof of the XXX/trigonometric Gaudin duality (13) reduces to the classical
calculation. We have already performed it in the previous section not only for q → 1 but
for general q, i.e. for XXZ spin chains.
Trigonometric and reduced Gaudin models are equivalent. In this section we
diverge slightly to clarify the relationship with our previous work on the subject. In [4]
we have proven the duality between the XXX spin chain and the reduced Gaudin model.
We now briefly describe why this model is equivalent to the trigonometric Gaudin model,
at least classically. The quantum case will not be discussed here, although we point out
that the quantization recipe obtained in [4]5 is formally conjugate to that of Eq. (14).
The Lax matrix of the trigonometric Gaudin system is given by
[LtG]ij(w) = δijxi + δi>j
K∑
a=1
aiab
j
a +
K∑
a=1
waa
i
ab
j
a
w − wa
. (20)
4In this case the definition of normal ordering should include the lexicographic ordering of different
B˜ and A˜ operators.
5In that paper the universal difference operators (more precisely, the Baxter operators) were written
in the Fourier dual variables. In our notation, the recipe consisted of putting all x to the right.
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It has linear Poisson bracket relations determined by the standard classical trigonometric
r-matrix. The reduced model is obtained from the trigonometric one by means of a gauge
transformation. The gauge transformation matrix is given by
gij = δij +
δi>j
xi − xj
∑
ai,...,aj+1
aiai
(
δai,ai−1 +
bi−1ai a
i−1
ai−1
xi − xi−1
)
· · ·
(
δaj+2aj+1 +
bj+1aj+2a
j+1
aj+1
xi − xj+1
)
bjaj+1 ,
The two systems are thus completely equivalent, LtG(w) = gLredGg
−1. Note that the
Poisson brackets of the gauge transformed Lax matrix contain a quadratic part. In the
reduced Gaudin this part appeared from the Dirac reduction.
Resume´ and further perspectives. We conjecture the spectral duality for XXZ spin
chains and prove it for the classical case. We also obtain the universal difference oper-
ator for the trigonometric Gaudin model and prove the quantum XXX/Gaudin duality.
We obtain a compact expression for the universal difference operators using the notion
of normal ordering and conjecture the relationship between the classical and quantum
expressions. The equivalence of trigonometric and reduced Gaudin models is also estab-
lished.
Our proof of the duality is rather direct and does not rely on the knowledge of the con-
crete (Bethe) eigenvectors of the Hamiltonians. However, for the XXX and trigonometric
Gaudin models there is a beautiful theorem by Mukhin Tarasov and Varchenko [24] pro-
viding the correspondence between the kernel of the universal difference operator and the
Bethe vectors. One can anticipate a similar correspondence for the XXZ spin chains.
Eventually, one hopes to fill the gap in the proof of the quantum spectral duality for
the XXZ spin chains by working out a proof of the normal ordering identity (19). It
should go along the same lines as that of Eqs. (15) and (18).
From the point of view of the gauge theory the operators A and B correspond to
certain operators supported on two dimensional surfaces. The universal difference oper-
ator yields the quantization conditions which determine the vacua of the worldvolume
theories of these surface operators. More concretely, the vacuum is a state, for which the
monodromy of the solution to the equation DˆN,K(v, q
2v∂v)|Q(v)〉 = 0 vanishes. From the
point of view of (the 3d extension of) the AGT correspondence [25] surface operators are
represented by degenerate primary fields in the CFT living on the bare spectral curve.
One can, therefore, look for the implications of the spectral duality for this CFT.
As an application to integrable systems we also plan to study the continuous limit
of the spectral duality. In this limit we expect to find relation between the continuous
Heisenberg magnet (or more generally 1+1 Hitchin systems [26]) and large N limit of the
glN Gaudin models proposed recently in [27].
It would be interesting to explore the relationship between spectral duality and knot
theory along the lines of the 3d/5d duality [28]. In this setting the spectral duality
might be connected with the skew Howe duality [29] recently used in connection with
link homologies in [30].
Let us also specifically mention the work [31] in which the same duality (called there
the “rank–size duality”) emerged from the perspective of three dimensional integrable
lattice models. The connection between these models and five dimensional gauge theories
deserves further investigation.
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